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In a many-quark model developed in our previous paper where two-body color pairing 
and particle-hole type interactions are active, the exact energy eigenstates are re-formed 
with physically clearer expressions than those derived in our previous paper. By using the 
re-formed energy eigenstates, two types of the eigenstates in which the pairing correlation 
(~| . and the quark triplet formation separately appear definitely, are unified and this model can 

^ • be treated for both the strong color correlations and the quark triplet formations. 

§1. Introduction 

One of the recent interests of quark and hadron physics may be the investigation 
of the various properties which many-quark system reveals. In our previous paper^^ 
^ I which is referred to as (I), we have investigated the many-quark model where the 

two-body pairing interaction is active. This model is known as the Bonn model^^ 
. and it is known for this model to lead to the formation of the quark triplet while 

I only two-body interaction is contained. ^-^ As was pointed out in (I), the Bonn model 

'sj" ' has the sti(4) algebraic structure. Thus, from the viewpoint of the color sm(3)- 

symmetry in quantum chromodynamics (QCD), this model can be extended to the 
I many-quark model which does not have the su{4:) symmetry but has only the color 

■SM(3)-symmetry. In (I), we have formulated the above-mentioned idea in terms of the 
- Schwinger boson representation for many-fermion system. As a result, we have given 

I the many-quark model with the color pairing plus particle-hole type interactions 

' under the color sti(3)-symmetry, which we have called the modified Bonn model. 

In (I), we gave the orthogonal set for the quantum states of this model in the 
boson realization for the many-quark system. Then, the exact eigenstates and eigen- 
values for this modified Bonn model Hamiltonian were derived. As for the set of the 
eigenstates and the eigenenergies, there are two posibilities: One is classified as a 
form with the pairing correlation and the other is as a quark triplet formation. 

In this paper, we reformulate the orthogonal set or the eigenstates for the mod- 
ified Bonn model. Because the model is formulated in the boson space using the 
boson realization, the physical quantities peculiar to many-quark model are tran- 
scribed in boson representation. After that, the orthogonal set or the eigenstates 
are constructed in terms of the quark triplet, quark pair and single quark creation 
operators which are denoted as B*, and respectively, by acting on the minimum 
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weight state for the su{l, 1) algebra appearing in the boson reahzation. By using 
the re-formed orthogonal set, which we denote as {||/srw)}, of the quantum states, it 
is shown that the eigenstatcs with the pairing-type correlation and with the quark 
triplet formation can be described in a unified way. This is one of our main pur- 
poses of this paper. Further, it is indicated that two types of the minimum weight 
states for the l)-algebra are necessary in order to construct the orthogonal set 
{psra;)}. This fact may be an interesting feature for the model with the algebraic 
structure including the non-compact su(l, 1) sub-algebra. 

As for the complete orthogonal set for the modified Bonn model, eight quantum 
numbers are needed. The complete orthogonal states are constructed from {||Zsra;)}, 
which degenerate with respect to the energy eigenvalues in the modified Bonn model. 
An idea to dissociate the degeneracy will be given and a possible method will be 
formulated by using the technique developed in the theory of the nuclear collective 
rotational motion. 

This paper is organized as follows. In the next section, the outline of our modified 
Bonn model in the Schwinger boson representation is given by paying an attention 
to the algebraic structure of this many-quark system. In §3, three kinds of the basic 
building blocks to construct the orthogonal set are presented together with their 
physical and mathematical properties. The re-formed construction of the orthogonal 
set, {||/sraj)}, is given in §4 by using the three kinds of the building blocks, namely, 
the quark triplet, the color pair and the single quark creations. In §5, the relevance 
to the two forms developed in (I) are indicated and these two forms arc described in 
the unified way by means of the re-formed orthogonal set {||/sraj)}. The expressions 
in terms of the degeneracy Q and the quark numbers with color i, A^j, are given and 
the physical meaning of the state {flsrw)} is also clarified in §6. The last section is 
devoted to the concluding remarks and the possible idea to dissociate the degeneracy 
with respect to the energy is mentioned in this last section. The proofs of various 
formulae and eigenvalue problem are given in Appendices A and B. 

§2. Outline of the model in the Schwinger boson representation 

In this section, we will recapitulate the basic framework of many-quark model 
presented in (I). As was mentioned in §1, this model obeys the su(4)-algebra and is 
called the Bonn model. The Schwinger boson representation for the su(4)-algebra 
adopted in (I) is composed of eight kinds of bosons (d, d*, 6, 6*, dj, d*, 6^, 6* ; i = 
1, 2, 3), in which the symbol i denotes the color i. With the use of the above bosons, 
the 5^(4) -generators are expressed in the form 

5^ = a*b - a*bi , Si = b*ai - b*a , 

Sj = {a*aj - bfbi) + Sij{a*a - b*b) . (2-1) 

Naturally, the Bonn model belongs to many-fermion models. We intend to describe 
this fermion system in the space spanned by the above boson operators. Therefore, 
it is indispensable to transcribe physical quantities peculiar to many-fermion model 
under investigation in boson space. Typical examples in the present case are S^, 
and S^, which correspond to the quark-pair creations in colors (2, 3), (3, 1) and 
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(1, 2), respectively. The degeneracy of the single-particle level i, 2fi, is a parameter 
in the fermion space and it is positive integer. In the boson space, we treat this 
parameter as an operator which is expressed in terms of the bosons. The quark 
number operator in the color i, Ni, is also the same. The operator Ni should be 
transcribed in the boson space. We denote it as Ni. In (I), we obtained Q, Ni and 
N (= Ni) in the following form: 



= no + ^ 



(a*a + 6*6) + ^(a*ai + , (2-2) 

i 

Ni = no + a* a + ^ CLjCLj — (d*di - 6*6i) , (2-3) 

j 

N = 3no + 3a* a + 2 ^ a*ai + ^ 6*6^ . (2-4) 

i i 

Here, no denotes a positive integer which corresponds to the seniority number in the 
su(2)-pairing model. 

In the present boson space, there exists the 5^(1, l)-algebra which does not exist 
in the original fermion system: 

f±,o = 4,0 + r±,o . (2-5) 
Here, t±fi and f±^o are defined as 

i+ = h*a* , L = ah , k = ^(6*6 + a* a) + ^ , (2-6) 

f+ = Y^ 6* a* , T_ = ^ aik , ^0=2 ^(^f^i + + 2 ' ^'^'^^ 

i i i 

The sets {t±,o} and {fi^o} form two independent su{l, l)-algebras. The most im- 
portant property of {T±^q} is that {T±^q} commutes with {S^,Si,Sf}. 

We mentioned in (I) that as a sub- algebra, the present sn(4)-algebra contains 
the stt(3)-algebra, which includes the sti (2)-algebra as a sub-algebra. The generators 
are listed as 

the sn(3)-algebra { Sf, §1 Sf, S^Sl, SlQo,Ro } , (2-8) 
the sii(2)-algebra { R+, R-, Rq} . (2-9) 

Here, Qo and Rq are functions of {Sl,S2,S^) and there arc several possibilities. 
Depending on Rq, the operators R± are determined. In (I), we adopted the following 
form: 

Qo = Sl-l (Si + Sl), Ro = l (Si -si). (2-10) 
Then, R± can be chosen as 

R+ = Si , R- = Si . (2-11) 
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2 '■ 2 "2 

The Casimir operators denoted P , Q and It for the su(4)-, the sn(3)- and the 
SM(2)-algebra are expressed, respectively, as 

= liS^Sx + S^S2 + ^^^3) + '1{SIS\ + Sls\ + 

+^Po(^'o - 4) + ^Qo(Qo - 3) + 2iio(i?o - 1) , (2-12) 
= 2(^f 51 + SlS\ + + ^Qo(Oo - 3) + 2^o(i?o - 1) , (2-13) 

id = R+R- + Ro{Ro - 1) . (2-14) 
Here, Pq is defined as 

Po = l{Sl + Sl + Sl) . (2-15) 
In (I), we investigated the following Hamiltonian: 

H = -{S^Si + 5^52 + 5^53) , (2-16) 
* 2 

Hjn = H + xQ ■ ix '■ ^ '^eal parameter) (2-17) 

The Hamiltonian H is given in the original Bonn model and a possible modification, 
" 2 

xQ is added in (I). The most fundamental relation in this model is as follows: 

[Sj , H] = 0, [Sj , H„^]=0. (i, j = 1, 2, 3) (2-18) 



Here, the relation [S^ ,Q ] = 0, should be noted. With the use of the relations (|2-12p 
and (|2-13p . H can be expressed as 



H = -II^P'-Q'- IPoiPo - 4)) . (2-19) 

In this paper, we will investigate H and Hm under an idea which is different from 
that in (I). 

§3. Three kinds of basic building blocks and their properties 

First, we note that in the present boson space, there exists one more su{4)- 
algebra, the generators of which are expressed as 

= b*b - a*ai , qi = b*bi - d*a , 

= (bfbj - a*a^) - 6ij{b*b - a*a) . (3-1) 

Any generator {q^,qi,ql} commutes with any of {T±fi}, but some generators do 
not commute with {S^ , Si, Sj}. With the use of and g*, we define the following 
operators: 

B* = Y,S'q\ B = Y,qA. (3-2) 
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The operators {B*,B) also commutes with any of {T±fi}. Main aim of this section 
is to investigate various properties of the operators 5*, and B* . Through this 
task, we can conclude that these operators can be regarded as building blocks for 
constructing a possible form of the orthogonal set for the boson space. 
We notice, first, the following relation 

[S\ Sn = [S\ qn = [q\ qn=0 . (any i and j) (3-3) 

Then, we have 

[S\ B*] = [q\ B*]=0 . (3-4) 

From the above relations, we learn that the ordering of 5*, and B* for their 
products is arbitrary. Next, we show the properties of 5*, and B* related to the 
su{3)- and the su(2)-generators shown in the relations ()2-8p and ()2-9p . respectively. 
We know the relation 

[Si ,(t] = Sijq" - . (3-5) 
The relations (j3-2p and (j3-5p give us 

[S{ , B*]=0 . (3-6) 

Then, we have 

[ Qo , ^* ] = , [ R±,o , B*]=0. (3-7) 

The relations (j3-6p and (j3-7p tell us that B* is a color-neutral operator, and naturally, 
su(2)-scalar. The operators and do not possess such properties. However, we 
notice q^ and S^. In the case q^, we have 

[Si, q'] = [Sl, e]=0, [Qo, q'] = -q' . (3-8) 
[ i?±,o , q^]=0. (3-9) 

The relation (j3-9p tells us that q^ is sn(2)-scalar, but, not color-neutral. The relation 
(j3-8p will play an important role for constructing the orthogonal set, which will be 
shown in the next section. The operator obeys the relations 

[Si , S'] = [Sl , S'] = , [Qo, S'] = -^S^ , (3-10) 

[R-,S^]=0, [i?o , = -15^ . (3-11) 

The above indicate that S^ is not color-neutral and also, not sn(2)-scalar, but the 
relations (13-lOp and (13-lip also play an important role for constructing the orthogonal 
set. The commutation relation of B*, q^ and S^ for Pq is given as 

[Po, B*]=2B* , [Po, q'] = ^q\ [ Pq , S"" ] = . (3-12) 

The above are the mathematical properties of S*, q^ and B*. 
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Next, we investigate physical properties in relation to Q and N presented in the 
relations ()2-2p and ()2-4p . respectively. It is very easy to show the following relations: 

[Q,B*] = [Q,S^] = [Q,q^]=^, (3-13) 
[N , B*]=?,B* , [N , S^]=2S^ , [N , q^]=q^ . (3-14) 

The relation (|3-13p shows that the degeneracy of the single-particle level does not 
depend on B* , S"^ and q^ . The relation (j3-14p tells us that the operators B* , and 
q^ change the quark number 3, 2 and 1, respectively. Therefore, it may be permitted 
for B* , and q^ to play a role of the quark-triplet, the quark-pair and single-quark 
creation, respectively. Combining with the mathematical properties, we have the 
following image: The quark-triplet is color-neutral and su(2)-scalar. The quark-pair 
is colored. The single-quark is colored, but su(2)-scalar. As a final remark of this 
section, we will mention the role of the boson operator b* itself. The operator b* 
obeys 

[ i7 , 6* ] = , [ iV , 6* ] = . (3-15) 

The relation (I3T5P tells us that the degeneracy i? is determined by 6*, but, it does 
not change the quark number. 

§4. Construction of the orthogonal set 

On the basis of the above argument in §3, we search the orthogonal set. We 
introduce the following state: 

\\lsruj) = {S^f\ff'{B*f'^{b*f''\{)) . (4-1) 

In this paper, we omit numerical factor such as normalization constant for any state 
except some cases. The state (j4-ip is an eigenstate for Pq, Qq, Rq and Tq: 

PoWlsruj) = -2 (^uj - 2 (^r + ^{21 + s)^^ \\lsruj) , (4-2) 

QoWlsruj) = -{I + 2s)\\lsruj) , Ro\\lsruj) = -Ijlsru;) , (4-3) 
fo\\lsruj) = {uj + 2)\\lsrLo). (4-4) 

The above indicate that the set {f/sra;)} forms an orthogonal set. However, our 
present system is composed by the eight kinds of bosons, and then, the complete set 
is specified by eight quantum numbers. In order to obtain the complete orthogonal 
set, we pay attention to the relations 

SlWlsruj) = SlWlsruj) = R-\\lsruj) = , (4-5) 
f_\\lsruj) = . (4-6) 

The relations (j4-5p and (j4-6p tell us that the state ||/sra;) is the minimum weight 
state for the su{3)- and the su{l, l)-algebra. Then, a possible complete orthogonal 
set is given in the form 

WkKKolsrLOLOo) = (f+)'^o-'^Q+(/A;KKo)||/srw) . (4-7) 
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Here, Q+{lkKKo) is a certain function of , Sf and and the concrete expression 
is given in the relation (LA-8). Instead of the form (l4-7p . we can adopt the following 
form: 

WkKKolsrujujo) = (f+)'^«-'^(i?+)"+"o(5i2)'=-'+'^(5f)'=+'-'^||/sra;) . (4-8) 
The operator Sf is defined as 

Sf = SfRo - ^S!r+ . {[Sf, Sf ] = 0) (4-9) 

In Appendix, we will give the reason why the expression (j4-8p is permitted. The 

state \\kKKolsrujujQ) is an eigenstate of P , Pq, Q , Qq, R , Rq, T and Tq, the 
eigenvalues of which are summarized as follows: 

: {2{r + s) - ujf + 2uj{uj + 3) , Pq : 2 (^2 (^r + ^{21 + s) 

: ^{l + 2s){l + 2s + 3) + 2l{l + 1) , Qq : 3k-{l + 2s), 

- 2 

R : k{k + 1) , Rq : Kq , 

: {u + 2){oj + l) , To : w + 2 . 

Straightforward calculation gives us the above eigenvalues except the case P . In 

- 2 

Appendix, we will show the derivation of the eigenvalue of P . The quantum num- 
bers obey the conditions 

1 + s + r <u} , (4-lla) 

k<s , (4-llb) 

\l-k\<K<l + k, (4-llc) 

— K < Kq < K , LO < LJQ . (4-lld) 

The conditions (j4-llap . ()4Tlbp and ()4Tlcp are discussed in Appendix. The condition 
()4-lldp comes from the rules of the su{2)- and the su{l, l)-algebra. The conditions 
(|4-llap and ()4Tlbp will play a central role in §§5 and 7, respectively. 

The relation (|2-18p teaches us that the energy eigenvalue is determined by \\lsrLo). 
Therefore, we pay a special attention to this state. The state \\lsruj) is constructed by 
operating the building blocks S^, and B* for 21-, 2s- and 2r-times, respectively, 
on the state (6*)^'^|0). Of course, the ordering of the operation is arbitrary and 
each building block plays its own role which was discussed in §3. However, {Ss,S^), 
{qi,q^) and {B,B*) do not behave independently from one another. For example, 
we have 

[ [ , ^3 ] , 53 ] = , gi(6*)2-|0) = [ , S^ ](6*)2-|0) = , (4-12) 
[ [ 4 , , = , 53(6*)2-|0) = [S^,e ](6*)2-|0) = . (4-13) 

The relations (|4-12p and (j4-13p give us 

qi{S^f{b*f^\Q) = , S^{q^f\b*f^\Q) = . (4-14) 




(4- 10a) 
(4- 10b) 
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Therefore, if restricting {(S'^)^'(^^)^'*(^*)^'^|0)}) ('S's,^'^) and behave indepen- 

dently of each other. But, if (S, B*) is included, the situation becomes complicated. 
For example, we have the relation 

S^{B*f'^{h*f'^\Q) = f{B*f'^-\b*f'^\0) . (4-15) 

The above tells us that our building blocks are not elementary but composite. In 
relation to the above consideration, the work presented by Pittel et al. may be 
interesting. 

Finally, we present the energy eigenvalue based on the use of the expression 
(j2-19p . The state \\lsruj) is the eigenstate of P and Q , the eigenvalues of which 
are the same as those shown in the relation (j4-10ap . Further, \\lsrLo) is also the 
eigenstate of Pq, the eigenvalue of which is shown in the relation (j4-2p . Under the 
above consideration, the form (j2T9p gives us the following energy eigenvalue: 

Ei^l = Eisru. + xFis , (4- 16a) 

Eisru^ = -[2l{2{uj - s - 2r - /) + 1) + 2r(2(a; - r) + 3)] , (4-16b) 

Fis = 2l{l + + + 2s){l + 2s + 3) . (4-16c) 

Concerning the energy eigenvalue (|4-16ap . we must note the following: the opera- 
tors {T+,Q+{lkKKo)) and {T+, R+, S^, Sf) appearing in the forms (|4-7p and (|4-8p . 
respectively, commute with H and Hm in tbe relations (I2T6P and (j2-17p . respec- 
tively. Therefore, the state \\kKKolsrujLOo) gives us the same energy eigenvalue as 
that given by \\lsruj). This means that these states are degenerate. Of course, there 
exist exceptions. Subject on this degeneracy will be taken up again in §§6 and 7. 

§5. Relevance to the two forms presented in (I) 

As was mentioned in §1, in (I), we have investigated the present system under 
the two forms. In this section, we will examine the relevance of the state (|4-ip to the 
states (L3-25) and (I-4-24). First, we discuss the case of the state (L4-24), which is 
given as 

\Xpaoai) = (53)2^(5^)2^(6J)2(-i--o)(^*)2ao|o) . (5.1) 

Here, we omit the interpretation of the quantum numbers. The operator S"^ is defined 
as 

§4 = s^Qo + S^Sj + 5=^51^ . (5-2) 

In (I), played a central role for the description of the present system under the 
name of the pairing correlation. Our aim is to show that the state (|5-ip can be 
re-formed to the state ()4Tp . 

First, we note the following relation: 



[q\ S']=B* , [B* , S']=0, [B* ,q^]=0 



(5-3) 
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Further, we notice the formula 

= (-)"(^* - q^S*){2B* - q^S^) ■ ■ ■ {riB* - q^S^) . (5-4) 



Proof of the formula (j5-4p can be performed by the mathematical induction with the 
relation (j5-3|) and the relation shown as 

{mB* - q^S^)q^ = q\{m + 1)B* - q^S^) . (5-5) 

With the use of the formula ()5-4[) . for m > 0, we have 

(S^)"(gl)"+'"(6*)P|0) = {S'^riq^' ■ {q^rib*)P\0) 

= (-)"i!i±^(^*f • ((7ir(6*f|0) . (5-6) 
m'. 

Here, we used 

S\b*)P\0) = , (5-7) 

{kB* - q^S^){q^r{b*y\0) = {k + m)B*{q^r{b*)P\0) . (5-8) 

Further, for m > 1, we have 

(5^)™+"(gi)"(6*)P|0) = (5^)™ • {SY{qY{b*)P\0) 
= {S^r ■ (-)"(S*)"(S*)P|0) = (-)"(B*)"(^^)'"(6*)P|0) = . (5-9) 

With the use of the operator g^, the state ()5-ip can be expressed as 

(2o-i)! 

By reading n = 2p, n + m = 2((Ti — ctq) and p = 2ai in the formula (15-6p . the state 
(|5-10p can be expressed in the form 

= iS^f^{q^f^''^-''''-P\B*fP(b*f''^0) 

= \\X,ai-ao- p,p,ai) . (5-11) 

Here, we used [B*,q^] = and omitted the numerical factor such as factorial. We 
can see that the quantum numbers I, s, r and lo in the state ()4-ip is nothing but 

/ = A, s = ai — — p , r = p , uj = ai . (5-12) 

Then, the energy eigenvalue (j4-16p becomes the same expression as that shown in 
the form (L4-45) with (L4-43b). 

Next, we will investigate the relevance to the state (L3-25), which is copied in 
the form 

WXrtT)) = (0+(tr))^"^*^'^ ||At) ® \t)) , (5-13) 
||At) = (a^)2^(6t)2-3-2A|o) , \t)) = (r)2*-i|0) . (5-14) 
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Here, 0+(tT) is defined in the relation (L3-22). The states ||Artr)), ||Ar) and 
obey 

f^\\\TtT)) = , fbllArtr)) = T\\\TtT)) , (5-15) 

f_||Ar)=0, follAr) = rllAr) , (5-16) 

Ljt)) = 0, io\t)) = t\t)) . (5-17) 

T = t + T, t + T + 1, t + T + 2,--- . (5-18) 

The states WXrtT)), ||At) and \t)) are the minimum weight states of the sm(1,1)- 
algebra, {f±_o (= T±fl + t±,o)}, {'^±,0} and {t±,o} specified by Tq = T, tq = t and 
to = t, respectively. The (T— (t+T))-times operation of 0+(tr) on the state ||AT)(g)|t)) 
gives us the state \\XTtT)). 

On the other hand, the state (j4-ip can be rewritten as 

Wlsruj) = {B*f''{S^f{q^f'{b*f'^\0) 

= {B*f''{alf^{blf'{b*f'^''-'^'+^'>^\0) . (5-19) 

The state \\lsruj) satisfies 

f^jlsruj) = , foWlsruj) = Tjlsru) , T = lo + 2 . (5-20) 

Further, ||isra;) can be rewritten in the form 

Wlsrcj) = (^*)2'-(r)4'-pr) \t)) . (5-21) 

Here, r and t are defined through 

2t - 3 = 2(s + /) , 2t - 1 = 2(w - (/ + s) - 2r) . (5-22) 

The relations ([^^ and ([^^ give us 

T = t + T + 2r, i.e., 2r = T - {t + t) . (5-23) 

Since \\lsruj) is the minimum weight state of the su{l, l)-algebra {T±^q}, we have the 
following expression: 

Wlsrcu) = (d+(tT))^"^*^"^ \\It) ® \t)) . (5-24) 

The state ()5-24p is the state ()5-13p itself. It may be interesting to see that the oper- 
ation of on the state \\It) \t)) is equivalent to that of (0+(tT))'^-(*+^). 
From the above argument, we have the correspondence 

/ = A, s = ^(2r - 3 - 2A) , r = ^{T - t - t) , oj = T - 2 . (5-25) 

Of course, the energy eigenvalue (j4-16p under the relation (j5-25p is identical to the 
form (L3-29). However, we must notice the re- formation from the form (j5T9p to the 
form Since 2t - 1 > 0, the relation gives us 

r<^{u;-{l + s)) . (5-26) 
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This means that the form (l5-2ip is vahd under the condition (l5-26p . However, our 
present system obeys the condition (j4-llap . which is rewritten as r < u — (l + s). 
Therefore, inevitably, we must investigate the case {uj — {I + s))/2 < r < cu — (l + s). 

In connection with the state \\lsrLo), we introduce the following state in the 
present boson space: 

Wlsruj) = ((73)2'(^i)2^(^)2(^-('+^)-^)(a*)2'^|0) . (5-27) 

The exponent 2(u; — {I + s) — r) in the state (I5-27I) should be positive or zero, and 
then, we have 

r<LO-{l + s) . (5-28) 

The relation (j5-28p is nothing but the condition ()4-llap . Straightforward calculation 
gives us the following relations: 



PoWlsrco) 



oJ-2 [r + ^{2l + s] 



IsTUj) , (5-29) 



QoWlsruj) = -{I + 2s)\\lsruj) , Ro\\lsruj) = -l\\lsru;) , (5-30) 

fojlsruj) = {u; + 2)\\lsruj) , (5-31) 

SlWlsru;) = SlWlsru;) = R-\\lsruj) = , (5-32) 

f_||/srw) = . (5-33) 

If we compare the relations (l5-29p ^ ()5-33p with the relations ()4-2P '^ ()4-6p . the state 
f/srw) should be identical with the state \\lsruj) except the normalization constant: 

\\lsruj) = \\lsruj) . (5-34) 

Of course, we can define \\kKKQlsrujuJo) in the same form as \\kKKQlsruJujQ) . The state 
||/srw) is the re-formed expression of jlsru). 

Now, in the same idea as that for the form (l5T9p . we can rewrite the state (I5-27P : 

Wlsruj) = (B)2(--('+«)-'^)(a*)4(^-('+^)-")||/T) \t)) . (5-35) 

Here, ||/r) and r are given in the relations (|5-14p and (|5-22p . respectively, and \t)) 
and t are defined as 

\t)) = (a*)2*-i |0) , 2t-l = 2{2r + {I + s) - lo) . (5-36) 

Of course, as is shown in the relations (j5-3ip and (j5-33p . ||/sru;) is the minimum state 
for {T±fi} with T = lo + 2. In the same idea as the relation (j5-23p . we have 

T = t + T + 2{uj-{l + s)-r) , i.e., 2{uj - {I + s) - r) = T - {t + t) . (5-37) 

Therefore, \\lsruj) can be expressed in the form 

WlsrLo) = (0+(tr))^-(*+^) \\It) ® \t)) . (5-38) 

The conditions 2t — 1 > for the relation ()5-36p and ()5-28p give us the following 
inequality: 

l{co-{l + s))<r<uj-{l + s). (5-39) 
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Thus, we arrived at our aim. 

From the above argument, we have the correspondence 

/ = A, s = ^(2t-3-2A) , r = i(r- (1 - t) -r) , uj = T - 2 . (5-40) 

The correspondence (l5-40p should be compared with that shown in the relation 
(l5-25p . As was demonstrated in the relations (I-3-43)~ (I-3-47), the quantum number 
t is replaced with (1 — t) in the quantum number r. Of course, the energy eigenvalue 
(j4-16p under the relation ()5-40p becomes to the form (L3-48). 

§6. Expressions in terms of the degeneracy fi and the quark numbers 

Nx, N2 and 

As were shown in the relations (|4-2P '^ (j4-4p . the state \lsruj) is an eigenstate of 
Pq, Qo) and Tq. But, the eigenvalues of these operators are not directly connected 
to the present many-quark model. In order to make the connection, we take up the 
operators 17, A'^i, A^2 and presented in the relations (|2-2p and (|2-3p . For obtaining 
their eigenvalues, the following formulae are useful: 

[Q /h*] = h* , m = nolo) , (6-1) 

[ iV, , S3 ] = (1 - 5^3)^3 , [ iV, , ] = 5^iq^ , [Ni, B*]=B* , 

[iV, ,6*]=0, iV,|0) = no|0) . (6-2) 

Here, some of the above relations are copied from the relations (j3-13p and (j3T5p . 
The state \lsroj) is the eigenstate of i7, A''i, N2 and and their eigenvalues Q, Ni, 
N2 and are given in the form 

Q = riQ + UJ , (6-3) 
A^i = no + 2/ + 2s + 2r , iVa = "-o + 2/ + 2r , iVg = no + 2r . (6-4) 

Conversely, we have 

oj = fi — riQ , (6-5) 
2s = Ni-N2 , 2l = N2-N3 , 2r = iVg - no . (6-6) 

Then, \\lsruj) can be rewritten as 

Wlsrcu) = (gl)^l-^2(53)iV2-JV3(^*)iV3-no(5*)2(l?-no)|Q^ _ 

In the expression (j6-7p . the order of q^, and B* is changed. The eigenvalues of 

- 2 

H and Q are expressed in terms of the new quantum numbers by substituting the 
expressions (|6-5p and (|6-5p to the relations ()4-16bp and (|4-16cp . 
Since 2s, 21, 2r, 2uj > 0, we have the inequalities 

iVi > iV2 > > ^0 , (6-8) 
n>no . (6-9) 
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Figure [T] shows the behaviors of A'^i, -^3 and hq. The quantities (A'^i — A''2), 
— -^3)) (-^3 — no) and no denote the single-quark number in color 1, the quark- 
pair number in the pair (1,2), the quark-triplet number and the quark-triplet in 
Z\-excitation in the sense of the idea proposed by Petry et al. in the state \\lsruj). 
By varying A^i, -^3 and no, we obtain various phases. For example, in the case 
-^1 = -^2 = -^3 and no = 0, the system consists of only the triplets. As the other 
extreme case, there exists the case N2 = = no = 0. In this case, the system 
consists only of the single-quarks. If A^i = A''2 and N-^ = no = 0, the system is 
composed only of the quark-pairs. Last two cases are in colored states. Of course, 
the first case is in color-neutral state. Anyhow, it may be interesting to investigate 
these various phases systematically. 

Next, we investigate the eigenvalues of i7, Ni, N2 and calculated by the 
state (|4-7p . The part (T+)'^"~'^ does not give any effect because the sub-space with 
Wo = w, i.e.. To = T corresponds to the original fermion space. Judging from the 
role of the su{l, l)-algebra in the present formalism, it may be natural. Therefore, 
hereafter, we regard cuq as lv. The eigenvalue of does not change from Q calculated 
in the state \\lsrLo). Therefore, the problem is reduced to investigating the effect of 
Q+{lkKKo) on A''i, N2 and N3. Straightforward calculation gives us 



[ Ni , Q+{lkKKo) ] = -2kQ+{lkKKo) , (6-10) 

[ iV2 , Q+{lkKKo) ] = {k-{l + Ko))Q+{lkKKo) , (6-11) 
[ N3 , Q+{lkKKo) ] = ik + {l + Ko))Q+{lkKKo) . (6-12) 



Therefore, the eigenvalues of iVi, N2 and N3 for the state Q+{lkKKo)\\lsrui) , which 
are denoted as N^, N2 and N^, respectively, are as follows: 




Of course, we have "^^N^ = A^i = A^. Energetically, the state Q-^-{lkKKo)\\lsruJ) 




single-quark Ni-N2 = 2S 



quark-pair 



N,-Ns=2l 



quark-triplet JV3- Ho = 2 r 



>i 



quark-triplet in 

Delta-excitation 1\ 



''0 



1 



2 



3 



Fig. 1. The physical meaning of the inequality (|5-9p 
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is degenerate to ||/sra;), but, the quark number distribution fluctuates around the 
distribution (Ni, N2, N^) which determine the energy eigenvalue. 

As a closing note in this section, we must mention a small comment. The state 
(j4-ip gives us the relation (j6-8p . Then, we have the following question: How we treat 
the cases which do not obey the relation ()4Tp . for example, ^ Ni > N3 ? If the 
colors i = 1 and i = 2 read the colors i = 2 and i = 1, respectively, we can treat this 
case in a way similar to the case (l6-8p . The other cases are also same. Therefore, it 
may be enough to treat only the case (j6-8p . 



§7. Concluding remarks 



In this paper, we have reformulated the Bonn model and its modification devel- 
oped in (I). We could show the energy eigenstates in a unified form and understood 
their structures in relation to the quark numbers in colors i = 1, 2 and 3. In (I), we 
showed various inequalities for the physical quantities used in (I). Of course, these 
relations are available in the present form. 

As a final remark, we will discuss a second modification of the original Bonn 
model. The Hamiltonian may be defined as 

Hm' = H + xQ^' , (7-1) 
= 2{SfSl + SfSl + R+R-) 

\ (7-2) 



^Qo(Qo-3) + 2i?o(^o 



^ 2 

where Q is the Casimir operator of the su{3) algebra and is defined in Eq. (|2-13p . 
Then, we have 

[Si , H^m']^0. (z^j) (7-3) 

Judging from the Hamiltonian (j7Tp . we can diagonalize Hm' in the framework of 
the orthogonal set (j4-7p or (j4-8p with (|4-ip . Of course, we are interested in the case 

ujQ = oj: \kKKQlsrijOijOQ = lo) = \kKKQlsruj). We can calculate the energy eigenvalue 

» 2' 

of Q defined in the relation (j7-2p by using the relation (j4-10ap . Then, the energy 
eigenvalue is expressed in the form 

Et2 = Eisr. + xFtr" , (7-4a) 
^kKKo ^ 2l{l + 1) + 2k[{2l + 4s + 3) - 3A;] - 2ko(ko - 1) • (7-4b) 



Here, Eisrui is given in the form (j4T0ap . The term pj'J^'^o ^^^^^ rewritten as 
pkKi^o ^ 4/.(2s - A: + 1) + 2(fc + / - + / + K + 1) + 2(k + Ko)(«: - Ko + 1) • (7-5) 

The conditions (|4-llbp ~ (|4-lldp lead us to F,^""" > 0, which is, of course, consistent 

^ 2' 

to the positive-definiteness of Q shown in the form ()7-2p . The case {k = 0, k = 
I, kq = -I) gives us = 0. 
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In the case of the Bonn model and its modification, the states \\kKKolsruj) are en- 
ergetically degenerate to the state \\lsrui) (= ||0/ — llsroj)) and the energy eigenvalues 
are given in the form (j4-16p . However, in the case the second modification, the degen- 
eracy disappears. Only the state \lsruj) gives the energy eigenvalue Eig^.^ calculated 
in the frame of the Bonn model and the states \kKKQlsroj) ^ which are orthogonal to 
\lsruj), become the excited states constructed on \lsroj). The above situation is very 
similar to the description of the rotational motion in axially symmetric deformed 
nuclei. In this case, the Hamiltonian is expressed in the form 



H = E{il) + ^{il + il) 



= E{il) + - , (7-6) 

where {Ix,Iy, Iz) denotes angular momentum operator and / is the Casimir operator 
of the su{2) algebra formed by this angular momentum operator. Here, (x, y, z) 
shows the axes in the body-fixed frame. This operator obeys the relations [Iy,Iz] = 
—ilx {x, y, z: cyclic). The quantity Q denotes the moment of inertia. The eigenvalue 
of H is given in the form 

EjK = E{K^) + ^{I{I + l)-K^) , I = K, K + 1, K + 2,--- (K^O) (7-7) 

If there does not exist the rotational term, the energy eigenvalue is given by E{K'^) 
and all the states with I = K, K+1, K-\-2, ■ ■ ■ are degenerate. But, if the rotational 
term is switched on, the degenerate energies are splitted and the rotational states 
are constructed on the state with I = K. Usually, such sector forms the rotational 
band and the state with I = K \s called band head. In our present case, the state 
||/sra;) may be called as the band head and on this band head, the band structure is 
formed with the energy p^^'^o _ 

As was shown in the above, the form discussed in this section may be permit- 
ted as a modified Bonn model. In the case of the nuclear rotational motion of the 
axially symmetric deformed nuclei, the ground state has no three-dimensional rota- 
tional symmetry which is described by the su{2) algebra. However, the rotational 
symmetry around z axis is rest and this symmetry is described by the u{l) algebra. 
Actually, the Hamiltonian (j7-6p has still u(l) symmetry, but no su{2) symmetry. 
The same situation is realized in the modified Bonn model with the second modifi- 
cation represented by Eqs. (|7Tp and ()7-2p . As is pointed out in §3, for the building 
blocks of the energy eigenstates, the operators S'^ and are not color su(3) neutral. 
Therefore, the energy eigenstates are not the color s'u(3) singlet in general. Further, 
the operator is not su{2) scalar, while B* and are still sM(2)-scalars. Thus, 
the eigenstates has no longer the su{2) symmetry as a sub-algebra of the color sn(3) 
algebra. However, the eigenstates are still possessed of a certain symmetry. Actu- 
ally, the operators Qq and appearing in Eqs. (j7Tp and (j7-2p correspond to the 
two generators with only diagonal elements in the su{2>) algebra, namely form the 
Cartan-Weyl sub-algebra. Thus, the second modification in Eqs. ()7Tp and ()7-2p has 
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only u{\) X u{\) symmetry while the eigenstates has no su(3) and su{2) symmetry. 
The above treatment may parallel the treatment of the nuclear rotational motion 
with axially symmetric deformed nuclei developed in the theory of nuclear collective 
motion. 
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Appendix A 

Proofs of various formulae 



A.l. Proof of the form {-j-^ with the conditions ^-llc ) and {4-lld) 
First, we note the following relations: 

R-\\lsruj) = , RoWlsroj) = -Ijlsruj) , (A-1) 
SlWlsruj) = , SlWlsruj) = . (A-2) 

Here, Sl denotes Hermite conjugate of Sf. Further, we have 

[ ^_ , ] = , [R^ , Sf] = SfR- , (A-3) 

[Ro, S!] = -^S! , [Ro, St] = ^St. (A-4) 

The relations (|A-3P and ()A-4p give us 

[ i?_ , {sfr ] = , [R-, {sfr ] = s^-R_, (A-5) 
[ Ro , {Sir ] = -^{sir , [Ro, {Sfr ] = ^{sfr ■ (a-g) 

The operator <Pn denotes a certain function of Sf and Sf, but, in the present argu- 
ment, the explicit form is not necessary. 

With the use of the above relations, we obtain the relation 

R-\\knlsruj) = , RoWkulsruj) = —K\\knlsruj) , (A-7) 
K > . (A-8) 

Here, \\kKlsruj) is defined as 

jkKlsruj) = {Sfr-^+''{Sfr-^^~^\\lsruj) . (A-9) 

The state jkulsruj) is nothing but the minimum weight state of (-R±,o)) in which —k 
denotes the eigenvalue of Rq. This state is also the minimum weight state of {T±fi), 
in which uj denotes the eigenvalue of Tq. Then, with the use of the raising operators 
R^ and T+, we have the form (j4-8p with the condition (|4-lldp . 
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We, further, note the relation 

MSt)''^^'llsruj) = -^{l -k + K){Sf)''+^-^lsruj) . (A-10) 

We can see that {Sf)''~^''~'^\\lsruj) is also the minimum weight state of (-R±,o) with the 
eigenvalue of Rq being — (/ — k + k)/2. Therefore, in the same way as the condition 
()A-8p . we have 

l-k + K>0. (A-11) 

The exponents (k — I + k) and {k + I — k) in the state (|A-9P should be positive or 
zero: 

k-l + K>0, k + l-K>0. (A-12) 

The inequalities ()A-lip and ()A-12p lead us to the condition ()4Tlcp . As is clear from 
the relation (|4-10ap . k is related to the eigenvalue of Qq. Since [Sf, Sf] = 0, we have 

WkKlsrLo) = iSf)''+^-''{Sl)''-^+^\\lsnj) . (A-13) 

The case {Sf)^^''^'^\\lsruj) is also treated in the same form as the case {Sf)^^^^'^\\lsruL>) . 
In this case, the eigenvalue of Rq is given as — (/c + / + k)/2, which is automatically 
negative. Therefore, any condition is not obtained. The idea presented in this 
Appendix is very similar to that developed by the present authors. 

„ 2 

A. 2. Derivation of the eigenvalue of P shown in the relation Iji4-10 ) 

First, we notice that straightforward calculation gives us the following expres- 
sion: 

WkKKolsruJUJo) = {f+f''-'^{R+)^+^''{Sl)''^^+''{Sff+^-'' 

x{S^f^P+{sruj)\\sruj) . (A-14) 

Here, P+(sra;) and \\sruj) are defined as 

2uj \ ^-^,(2r)!(2s + nl)! 



™=(2(':.))e' 



ni!n2!n3! 



(n) 

\\srLo) = (gi)2(^+'^)(6*)2-|0) . (A-16) 
The symbol ' denotes the sum restricted ui + n2 + = 2r. If we note that 

" 2 

the su{l, 1)- and the SM(4)-generators commute with P and the state \\sruj) is the 

^ 2 

minimum weight state for the sti(4)-algebra, the eigenvalue of P for \\kKKosrujujQ) 
is equal to that for ||sra;) and we have 

P^jsruj) = [(2(s + r) - + 2uj{u; + 3)]||srw) . (A-17) 
The above result is nothing but the result shown in the relation (j4-10p . 
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A. 3. Derivation of the inequality ^-lla ) 



The state \\lsruj) can be rewritten as 

Wlsruj) = {B*f''{alf^{blf'{b*f'^''-'^^+''>^\0) . (A-18) 

The operator B* can be expressed exphcitly as follows: 

B* = f+P - 2foa*b + f_a*2 . (A-19) 

Noticing f_(a5)2^(6J)2'*(6*)2('-'-('+s)) [0) = 0, the expression (|AT8l) can be rewritten 
in the form 

Wlsrcu) = [co • {b)^"- + ci • a^b)^"-^ + ■■■ + C2r ■ {a*f'\bf'] 

x(a^)2'(6*)2^(r)2('^-('+«))|0) . (A-20) 

Here, (fe = 0, 1, • • • , 2r) denotes a certain function of 7^+ and tq. In the present 
argument, the concrete expression is not necessary to show. Then, the relation (jA-20j) 
shows us that the state \lsruj) does not vanish if there exists the condition 

2(u;-(/ + s))-2r>0 , i.e., l + s + r<uj. (A-21) 

The relation (IA-21j) is nothing but the inequality MTlajl . We can see that under 
the condition ()A-2ip . the exponent 2(a; — (/ + s)) in the relation ()A-18P is positive or 
zero. 



A. 4. Derivation of the inequality (4- lib) 



In (I), the following inequality was presented in the relation (I-3-17): 

2(/ + A;) < 2t - 3 . (A-22) 

The notations are changed from the original. The proof was given in Appendix B of 
(I). On the other hand, in the relation (j5-22p . (2t — 3) is shown in the form 

2r - 3 = 2(s + /) . (A-23) 

Then, we have 

2(/ + A;) < 2(s + /) , i.e., k<s. (A-24) 
The relation ()A-24p is nothing but the inequality ()4-llbp . 
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